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Abstract

Space-filling designs are extensively used in computer experiments to analyze com-
plex systems. Among these, uniform projection designs stand out for their desirable
low-dimensional projection properties and robustness against other criteria. However,
no efficient algorithm currently exists for generating such designs. This study explores
the construction of uniform projection designs using a differential evolution (DE) algo-
rithm. DE, an evolutionary algorithm, is known for its simplicity, robustness, and ef-
fectiveness in solving complex optimization problems, though its performance is highly
sensitive to several hyperparameters. Our goal is to investigate the structure of the
hyperparameter space, evaluate the contribution of each hyperparameter, and provide
guidelines for optimal hyperparameter settings across various scenarios. To achieve
this, we conduct a comprehensive comparison of different experimental designs and

surrogate models.

Keywords: Computer experiment, experimental design, hyperparameter op-

timization, kriging model, metaheuristic algorithm, space-filling design.



1 Introduction

Experimental design construction is a fundamental aspect of research and data-driven in-
quiry, aimed at organizing experimental runs to extract maximum information while mini-
mizing resource use. By strategically selecting input combinations, well-constructed designs
ensure that researchers can identify key factors, estimate model parameters, and predict
responses accurately (Montgomery 2017). The primary goal is to balance efficiency and
comprehensiveness, whether in exploring high-dimensional spaces, optimizing processes, or
assessing system robustness. Central to this process is the notion of space-filling, where
design points are distributed to capture variations across the entire experimental domain,
providing a solid foundation for modeling and inference (Santner, Williams, and Notz 2018).

Over the past few decades, computer experiments have become ubiquitous across engi-
neering disciplines and the physical sciences. Space-filling designs play a fundamental role
in these experiments, as they ensure a well-balanced exploration of the input space, prevent-
ing excessive sampling in certain regions while avoiding sparse coverage in others (Kamath
2022). Broadly speaking, a space-filling design refers to any design that distributes its points
uniformly across the design domain. The uniformity of a design can be assessed based on
criteria such as distance (Johnson, Moore, and Ylvisaker 1990), orthogonality (Owen [1994),
or discrepancy (Fang et al. 2000).

Joseph (2016) provided a comprehensive overview of how space-filling designs help ad-
dress optimization challenges associated with computationally demanding computer models.
By minimizing model error and enhancing predictive accuracy, these designs significantly im-
prove the reliability of simulation models, making them indispensable in applications such
as kriging and optimization (Joseph et al. 2019). For an in-depth introduction to com-
puter experiments and space-filling designs, see Fang, Li, and Sudjianto (2006) and Santner,
Williams, and Notz (2018). For recent advancements in this field, refer to Chen and Tang
(2024), Li, Tian, and Liu (2024), Shi and Xu (2024), Tian and Xu (2022), Tian and Xu
(2024), Vazquez and Xu (2024), Wang, Liu, and Xiao (2024), Yin, Wang, and Xu (2023),
and Yuan et al. (2025), among others.

In the pursuit of high-quality space-filling designs, uniform projection designs (UPDs)
have emerged as a powerful approach for achieving uniformity across all low-dimensional
projections of the design space (Sun, Wang, and Xu 2019). Introduced by Sun, Wang, and
Xu (2019), UPDs are a specialized class of space-filling designs that exhibit strong perfor-

mance across various design criteria while maintaining excellent space-filling properties in



multiple dimensions. These designs are particularly valuable in high-dimensional settings,
where interactions among subsets of factors often hold critical importance. Wang, Sun, and
Xu (2022) investigated the relationship between UPDs and maximin distance designs, estab-
lishing novel lower and upper bounds for UPDs. Additionally, Sun and Tang (2023) explored
the connection between UPDs and strong orthogonal arrays of strength 24, demonstrating
that such arrays are either optimal or nearly optimal under the uniform projection criterion.
Despite these advancements, existing algorithms for generating UPDs remain relatively un-
derdeveloped, presenting a significant avenue for further research. To address this gap, we
explore the application of Differential Evolution (DE), a powerful metaheuristic optimization
algorithm, for constructing UPDs.

Metaheuristic algorithms, including simulated annealing, genetic algorithms, particle
swarm optimization, and threshold accepting, have been employed in the construction of
space-filling designs. These methods have been instrumental in generating designs such as
maximin distance Latin hypercube designs (Chen et al. 2013; Liefvendahl and Stocki 2006;
Morris and Mitchell 1995), uniform designs (Fang et al. 2000), and maximum projection de-
signs (Joseph, Gul, and Ba 2015; Wang, Liu, and Xiao 2024). Recently, Stokes, Wong, and
Xu (2024) introduced a novel Differential Evolution (DE) algorithm for constructing order-
of-addition designs, demonstrating its superior efficiency compared to other metaheuristic
approaches. Building on their insights, we adapt and extend this DE algorithm to facilitate
the construction of UPDs.

The performance of the DE algorithm is significantly influenced by its hyperparameters,
which dictate the learning process of the optimization (Price, Storn, and Lampinen 2006).
An inappropriate setting of these hyperparameters can lead to suboptimal performance of the
DE algorithm. While the variant DE algorithm proposed by Stokes, Wong, and Xu (2024)
encompasses several hyperparameters, their effects remain largely unexamined. Therefore,
we aim to conduct a comprehensive study of the hyperparameters to elucidate their impacts
on the algorithm’s performance, providing insights that could enhance its effectiveness.

The challenge of identifying the optimal hyperparameter configurations for any learning
process is widely recognized, and researchers have sought to address it through two primary
approaches: the model-based and model-free frameworks. Model-based hyperparameter op-
timization refines hyperparameters by approximating the underlying learning algorithm,
whereas model-free methods tackle the optimization problem without imposing paramet-
ric assumptions. Foundational contributions to model-based hyperparameter optimization
include the works of Falkner, Klein, and Hutter (2018) and Hutter, Hoos, and Leyton-Brown



(2011). In contrast, model-free approaches encompass a diverse array of techniques, such as
manual search, grid search, random search, genetic algorithms, and orthogonal array tuning
methods (Liashchynskyi and Liashchynskyi 2019).

We take an integrated approach based on experimental design and analysis. Our ap-
proach leverages various types of factorial designs and space-filling designs to investigate the
effectiveness of DE in constructing UPDs. We also employ different types of surrogate mod-
els such as second-order models and kriging models to evaluate the performance of different
designs, enabling us to visualize the response surface of the DE algorithm’s hyperparam-
eters. This framework comprises the data generation, modeling, and analysis procedures.
The insights gained from our analysis provide a general guideline for optimal hyperparameter
settings necessary for generating good UPDs. Specifically, we aim to address four objectives:
(i) identifying useful design types in understanding the surface structure extended by the
DE hyperparameters, (ii) determining the most effective surrogate models, (iii) determining
efficient hyperparameter settings, and (iv) developing an efficient algorithm for the construc-
tion of UPDs. While we focus on tuning the DE algorithm, this methodology is versatile
and can be applied to hyperparameter tuning in other optimization algorithms.

Our approach is quite different from the Lujan-Moreno et al. (2018) method which used a
2% factorial design with the response surface method (RSM) and ridge regression for screening
to select the important factors in the data. While Lujan-Moreno et al. (2018) focused on
factor screening and selection with the traditional RSM approach, we emphasize on the
comparisons of different types of designs and surrogate models in approximating the surface
structure of the DE algorithm.

The paper is organized as follows. In Section 2, we review the DE algorithm proposed by
Stokes, Wong, and Xu (2024) and its hyperparameters. We describe various experimental
designs and surrogate models used in the study, respectively, in Sections 3 and 4. In Section
5, we describe the uniform projection criterion proposed by Sun, Wang, and Xu (2019) and
the data generating process. Section 6 presents the results and Section 7 addresses factor

importance and optimal hyperparameter settings. Finally, Section 8 concludes the paper.

2 Differential Evolution Algorithm

Originating from the pioneering work of Storn and Price (1997), DE has emerged as a
powerful heuristic optimization algorithm. It is an example of metaheuristic algorithm which

draws its inspiration from the mechanisms of biological evolution.



Metaheuristic algorithms are a class of optimization techniques designed to find optimal
or near-optimal solutions to complex problems, particularly when traditional optimization
methods are impractical or inefficient. These algorithms are generally inspired by natural or
physical processes and do not guarantee an exact solution but are highly effective for solving
large-scale, non-linear, multi-dimensional, and combinatorial problems. They are flexible,
adaptable, and can be applied to a wide variety of optimization problems. They typically
balance exploration and exploitation to achieve efficient convergence (Weise 2009).

Metaheuristic algorithms can be broadly classified into three categories based on their in-
spiration: (1) evolutionary algorithms, (2) swarm intelligence, and (3) physical phenomena-
based algorithms. Evolutionary algorithms, such as genetic algorithms and DE, simulate
the process of natural selection to evolve solutions. These methods are especially effective
in maintaining solution diversity through operators like mutation and crossover, which pre-
vent premature convergence (Storn and Price 1997). Swarm intelligence techniques, such as
particle swarm optimization and ant colony optimization, mimic the collective behavior of
groups in nature, such as bird flocks or ant colonies. These approaches excel in leveraging
communication among agents to quickly explore vast solution spaces (Dorigo 2007). Lastly,
physical phenomena-based algorithms, such as simulated annealing, draw from thermody-
namics principles, allowing for probabilistic escape from local optima to find better solutions
(Aarts and Korst 1989; Kirkpatrick, Gelatt Jr, and Vecchi 1983).

Among these, DE stands out due to its simplicity, efficiency, and robustness across di-
verse problem landscapes. Unlike other metaheuristics, DE uses differential mutations, which
introduce solution diversity and improve exploration capabilities while maintaining compu-
tational efficiency. This makes DE particularly suited for handling non-linear, non-convex
optimization problems. Furthermore, its ability to balance exploration and exploitation en-
sures convergence to high-quality solutions even in noisy or complex landscapes, a feature
critical for problems with large and intricate design spaces (Das and Suganthan 2010; Yang
2020). By combining the strengths of population-based search and vectorized mutation
strategies, DE demonstrates its utility in applications ranging from engineering optimization
to machine learning.

To simulate survival-of-the-fittest dynamics, DE treats each candidate or agent as a
chromosome made up of several genes and implements mutation and crossover procedures
that allow beneficial genes to persist into future generations (Storn and Price 1997). DE
operates on the principle of population-based search, where a set of candidate solutions

evolves over successive generations towards optimal or near-optimal solutions. At its core,



DE employs mutation, crossover, and selection operators to iteratively improve the quality
of solutions. The algorithm’s efficacy stems from its robustness, simplicity, and ability to
handle non-linear, non-convex, and noisy optimization landscapes.

Without loss of generality, we assume that we want to minimize a real-valued objective

function ¢ over an m-dimension space (). It has five steps

1. Genetic Representation: Let 7, ..., 7x be the initial population, where each agent

7 = (i1, . ., Tim) is randomly chosen from (2.

2. Mutation: Mutation expands the search space of the current population. For each
1 = 1,..., N, mutation produces a potential donor v; in 2 by adding the weighted
difference of two agents to a third, all randomly chosen and distinct from the target
(7;), that is,

Vi =Ty + w(ﬂ-b - 7TC)7 (1)

where a, b, ¢ are randomly chosen three distinct numbers from 1,..., N, and they are

all different from 1.

3. Crossover: Crossover blends the current generation of agents with the population of
potential donors in order to form candidates for the next generation known as trial
agents. For each ¢ = 1,..., N, one of the m variables of v; is randomly selected to
directly enter the trial agent u;. In this way, one variable is forced to change so that
each u; will certainly differ from its original target m;. Next, with probability pCR,
more variables are taken from wu; and placed in the trial agent. Whichever variables do
not take their value from the donor inherit their original value from ;. Assuming j, is a

random number from 1,...,m, this process can be written as follows: for j =1,...,m,

v;;  with probability pCR or if j = jo,
ul-j -
mi; otherwise

4. Selection: Selection creates the next generation of agents by comparing each target
to its respective trial agent. The trial agent is adopted if it leads to an improvement

and is discarded otherwise. For minimization problems, this process is given by,

w; if o(u;) < o(m;)

m; otherwise



5. Repeat: Repeat steps 2 through 4 over many generations until a specified stopping

condition is satisfied.

Though quite simplistic, its ability to balance exploration and exploitation makes it ideal
for solving non-linear and multimodal problems.

Since experimental designs lie on a discrete and constrained space, we leverage the mod-
ified DE by Stokes, Wong, and Xu () In the construction of UPD, each agent 7; is an
n X m design matrix where each variable m;; represents a column of length n. To ensure that
the resulting design is feasible, Stokes, Wong, and Xu () modified the mutation step by
randomly selecting an agent and performing swap mutations. Inspired by particle swarm
optimization (Chen et al. ), Stokes, Wong, and Xu () incorporated the influence
of both the global best solution and the personal best solution. In the context of DE, the
personal best solution refers to the current agent itself. To be specific, let 7w, be the global
best agent where g = arg miin o(m;). Stokes, Wong, and Xu () modified the mutation

step as follows. For each i =1,..., N,

(i) randomly choose an agent as a potential donor v;:

7y Wwith probability pG Best,

v; =« m; with probability pSelf, where pSelf <1 — pG Best,
7, otherwise, where r is a random number from 1,..., N.
(ii) randomly swaps two elements in column v;; with probability pMut for j = 1,...,m,
independently.

This modification maintains the feasibility of the solution by preserving its design structure
while introducing variation to explore the search space. The mutation step is controlled by
the chance of choosing the global best (pG Best) or the agent itself (pSelf) and the mutation
rate pMut, which is the probability of swapping two elements in a column. The swap
mutation is computationally efficient and effective at diversifying the population, reducing
the risk of premature convergence. On the other hand, crossover involves exchanging one
column from the potential donor with a column from the agent. This is controlled by
the probability of crossover. This resulted in an algorithm characterized by the following

hyperparameters:

o NP - The size of the population (N),



itermaz - the maximum number of iterations/generations used,

pCR - Probability of crossover,

pMut - Probability of mutation,

pG Best - Probability of using the global best for mutation,

pSel f - Probability of using the current agent for mutation.

Stokes, Wong, and Xu (2024) proposed three different choices for selecting an agent to
be mutated in order to obtain the potential donor, leading to three distinct variants. Specif-
ically, DE1 utilizes the global best agent, DE2 employs the current agent, and DE3 selects
a random agent. Additionally, they introduced a hybrid version, DE4, which combines all
three strategies, selecting the global best, current agent, and random agent with probabil-
ities of 50%, 25%, and 25%, respectively. Their findings demonstrated that DE1 and DE4
outperform DE2 and DE3.

Regarding the hypermarameters, the first two, NP and itermax, determine the budget
size, whereas the other four hyperparameters affect the evolution process. The hyperpa-
rameters, pGBest and pSelf, determine the probability of using the global best and the
current agent in the mutation process, respectively. There is a constraint between these two
hyperparameters, that is, pGBest + pSelf < 1. The question that arises is how these six
hyperparameters interact with each other. Also whether we can do better than the pro-
posed fixed probabilities (Stokes, Wong, and Xu 2024) to obtain better settings for the DE
algorithm for design generation.

In this study, we shall consider values between [10, 100] for N P, [500, 1500] for itermaz,
and [0, 1] for pCR, pMut and pGBest. We fix pSelf = (1 — pGBest)/2 so that there is an
equal chance for selecting the agent itself or a random agent as the donor when the global

best is not selected.

3 Experimental Designs for Hyperparameter Settings

Different design strategies address diverse experimental objectives and constraints. For in-
stance, factorial and fractional factorial designs are widely used to study the main effects
and interactions of factors systematically, while response surface designs, such as central

composite designs, support optimization and curvature estimation (Myers, Montgomery,



and Anderson-Cook 2016). In other cases, space-filling designs such as Latin hypercube
designs, maximin distance designs, and maximum projection designs are preferred for high-
dimensional and computational experiments (Joseph 2016). Each design has its own unique
strengths and drawbacks. The choice would depend on the experimental goals, computa-
tional resources, and the nature of the underlying system being studied. Through thoughtful
design construction, researchers can ensure that their experiments are not only scientifically
rigorous but also cost-effective and impactful.

Various designs can be used to set the DE hyperparameters before the optimization
process. As the functions optimized by DE are often complex with many local minima, one
has to carefully choose the initial points for the optimization process. These initial points

can be determined using any of the methods discussed below.

3.1 Factorial designs

Factorial designs are a research method for studying the effects of multiple independent
variables on a response variable, formalized by R. A. Fisher in the early 20th century (Fisher
1935). Full factorial designs consist of a grid of all possible level combinations to achieve
uniform coverage across the design space. These designs typically involve factors at two or
three levels, resulting in 2™ or 3 observations for m factors. They allow for the analysis
of main effects and interactions (Montgomery 2017), but can require larger sample sizes for
adequate power (Tabachnick and Fidell 2019).

Fractional factorial designs were introduced by Finney ([1945) to mitigate the need for larger
samples. These designs use a fraction of runs based on the effect hierarchy ordering
principle (Wu and Hamada 2011)), focusing on main effects and lower-order interactions.
They are expressed as 2P or 3P, and defined by setting some factors as products
of others. Selecting defining relations for fractional designs is essential, with criteria
such as maximum resolution and minimum aberration guiding this process (Wu and
Hamada 2011).

Central composite designs (CCDs) were introduced by Box and Wilson ([1951)) as an exten-
sion of factorial designs. They were developed as a way to efficiently fit quadratic re-
sponse surfaces and identify optimal process settings in industrial experiments. CCDs
are full or fractional factorial designs that are augmented with two additional sets
of sampling points described as “center” and “axial or star” points (Box and Wilson

1951)). The center point is defined by all factors being set at their center level. The
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CCD uses 2m axial points, each of which is defined by all but one factor being at their
center level and the level of the remaining factor is denoted by «, which is generally
chosen to be between 1 and y/m (Montgomery 2017)).

Orthogonal array composite designs (OACDs), introduced by Xu, Jaynes, and Ding (2014),
are a class of composite designs based on a two-level factorial design and a three-level
orthogonal array (OA). An OA of n runs, m columns, s levels, and strength ¢, denoted
by OA (n,s™,t), is an n X m matrix in which all s' level-combinations appear equally
often in every n x t submatrix (Wu and Hamada 2011). For example, a 2™ factorial
design can be viewed as OA (n,2™,t) with n = 2™ and ¢ = m. Similarly, a three-level
OA can be written as OA (n,3™,t). Thus, an OACD is a composite design which
consists of a two-level factorial design as its factorial points, a three-level OA as its

additional points, plus any number of center points (Luna et al. 2022; Zhou and Xu

2017).

3.2 Space-filling designs

While the previously discussed designs utilize sampling points that are at the boundaries of
the design space, space-filling designs generate samples that are dispersed throughout the
multidimensional design space and not just at the boundary of the design space. These
designs are important in sampling a surface as they could capture important regions thereby
minimizing the bias between the true structure of the surface and the estimated surface
from the sampled points. There are of various types depending on the approach used to con-
struct them, e.g., sampling-based — Latin Hypercube designs, and distance-based — maximin

distance designs.

Latin hypercube designs (LHDs) — Based on McKay ([1992)’s Latin hypercube sampling, it
divides the range of each factor into bins of equal size, where n also corresponds to the
number of samples to be generated resulting in a total of n™ combinations where m is
the number of factors being considered. The n samples are then randomly generated

such that for all one-dimensional projections, there will be only one sample in each
bin.

Maximin distance designs — Introduced by Johnson, Moore, and Ylvisaker ([1990), this
design aims at spreading out the design points in the design space by maximizing

the minimum distance between any two design points. It thus tends to place a large
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proportion of points at the corners and on the boundaries of the design space. Math-
ematically, this can be formulated as follows. Suppose we want to construct an n-run
design in m factors. Let the design region be X’ and let the design be D = {x; ..., xz,},
where each design point @; is in X'. The maximin distance design optimizes the function
below:

mgxrlrl;jrld(:cl,m])

where d(z;, z;) = {d 0 (i — xjk)Q}l/ is the Euclidean distance between the points

Z; and ZLj.

Maximin LHDs — Unlike LHDs, maximin distance designs do not have good projection

properties for each factor. Morris and Mitchell (1995) proposed to overcome this
problem by searching for the maximin distance design within the class of LHDs. They

also proposed to use the following ¢,(D) criterion to achieve the maximin distance:

1/p
mlngzﬁp {Z Z b (0,7, } (2)

=1 j= z—i—l

where p > 0 is chosen large enough, say p = 15.

Maximum projection (MaxPro) designs — Although maximin LHDs ensure good space-filling

4

in m dimensions and uniform projections in each dimension, their projection properties
in two to m — 1 dimensions are not known. By the effect sparsity principle (Wu and
Hamada 2011), only a few factors are expected to be important. To curb this, Joseph,

Gul, and Ba (2015) proposed a different criterion:

1/m
ml%n@b( ) = { Z Z Hk 1(xzk %‘kf} : (3)

7,1] i+1

They showed that the design minimizing (D) tends to maximize its projection capa-
bility in all subspaces of factors, and thus named these designs as maximum projection

designs.

Surrogate Models

We consider three types of surrogate models to describe the response surface of the DE

hyperparameters, namely, linear model, kriging model and heterogeneous Gaussian Process
(HetGP). We describe each briefly in the following.
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4.1 Linear Model (Im)

Linear models are widely used to model the relationship between the response variable and
the inputs (i.e., factors). Here we adopt a second-order model which is commonly used to
model data from physcical experiments. For m quantitative factors, denoted by x4, ..., Z.,,

a second-order model is defined as

m m
y =P+ Z Gixi + Z Biw} + Z Bijxix; + € (4)
i=1 i=1 i<j

where f, 5, i, and B;; are the intercept, linear, quadratic, and bilinear (or interaction)
terms, respectively, and € is the error term. This model is simple and provides a straight-
forward way to model and understand relationships between the response variable and the

factors.

4.2 Kriging Model (km)

Proposed by South African geostatistician Krige (1951, kriging is one of the methods used
to interpolate intermediate values, whereby these intermediate values are modeled using
Gaussian Process (GP) which is governed by prior co-variances. It provides a probabilistic
prediction of the output variable, as well as an estimate of the uncertainty of the predic-
tion (Chevalier, Picheny, and Ginsbourger 2014). The kriging predictors interpolating the
observations are assumed to be noise-free (Roustant, Ginsbourger, and Deville 2012). Inter-
mediate interpolated values obtained by kriging are the best linear unbiased predictors.
Kriging models are widely used to model deterministic functions in computer experi-
ments. The kriging model consists of two parts: a trend and a GP. The trend part is often
modeled as a regression on some fixed basis functions. In the specific case where the ba-
sis functions reduce to a constant function, it is referred to as ordinary kriging (Roustant,

Ginsbourger, and Deville 2012). The general form is as given below

k
Y(z)=Y Bifilx) + Z(=), (5)

i=1
where f1,..., fi are k basis functions, i, ..., 5, are corresponding regression coefficients,

and Z(x) is a stationary GP with zero mean and covariance function ¢. The covariance
function 1 completely defines the behavior of the GP Z(x). It is defined as

(@i, x;) = Cov (Z (m:), Z (x;)) = o [ [ K (hi; 60) (6)

=1
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where o2 is the scale parameter called the process variance, Iy = |z;; — x|, x;; and
are the [th elements of the i run x; and the j run x;, and K(h;0) is the correlation
function. The parameters 6; chosen for the correlation function K (h;;6;) must be positive.
Otherwise the correlation function will not be feasible. These parameters are chosen to be
physically interpretable in the same unit as the corresponding variables. They are often
referred to as the characteristic length-scales by Rasmussen and Williams (2006). Popular
correlation functions include Gaussian, Matérn, and power-exponential family correlation
functions. The Matérn function with parameter v = 5/2 is often chosen as the default when

fitting kriging models. It is defined as:

K(h;0) = (1 + @ + :53—22) exp <—@> . (7)

The unknown parameters can be estimated via MLE or cross validation. We use the km
function in the DiceKriging package in R (Roustant, Ginsbourger, and Deville 2012) to fit
the kriging model.

4.3 Heteroskedastic Gaussian Process (HetGP)

HetGP is useful for modeling simulation experiments exhibiting input-dependent noise. It
employs a mean zero GP and shifts all of the modeling effort to the covariance structure
(Binois, Gramacy, and Ludkovski 2018). Specifically, the HetGP model is given by

yi =y (xi) = f(2:) e, e~ N(Or(zi)), (8)

where f(x;) is a GP with covariance or kernel k(-,-) and r(x;) is the variance of ¢; which
depends on x;. The kernel k(-, -) is positive definite, with parameterized families such as the
Gaussian or Matérn being typical choices. If r(x;) = 72 is a constant, then the process is
homoskedastic. In matrix notation, the modeling framework just described is equivalent to
writing

V() ~N(0,K, +X,),
where K,, is the nxn matrix with (¢, j) coordinate k(z;, «;), and X,, = Diag (r (z1) ,...,7 (z,))
is the variance matrix of the vector of independent noise ¢;.

Given the kernel function k(-,-) and data y = (y1,...,¥y,) ', multivariate normal con-

ditional identities provide a predictive distribution at site x : Y () | y, which is Gaussian
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with parameters
pa) =E(Y(2) [ y) = k()" (K, +3.) "y,
o} (x) =Var(Y(x) | y) = k(z,x) + r(x) — k(z)" (K, + ) k(x),

where k(x) = (k(x,21),...,k(x,x,))’. We use the mleHetGP function in the hetGP
package in R (Binois and Gramacy 2021) to fit this model with the default Gaussian kernel.

5 The Data Generation Process

We aim to obtain optimal DE hyperparameter settings that can be used to generate UPDs.

5.1 Objective Function: Uniform Projection Criterion

Proposed by Sun, Wang, and Xu (2019), the uniform projection criterion solely focuses on
two-dimensional projections. This is due to two factor interactions being more important
than three-factor or higher-order interactions. The motivating idea was that although designs
with low discrepancy have good uniformity in the full-dimensional space, they can have bad
projections in lower dimensional spaces, which is undesirable when only a few factors are
active. Thus designs with better projection properties are preferred. Sun, Wang, and Xu
(2019) argued that UPDs scatter points uniformly in all dimensions and have good space-
filling properties in terms of distance, uniformity and orthogonality.

The uniform projection criterion is defined using the centered Ls-discrepancy. For an
n X m design D = (x;) with s levels from {0,1,...,s — 1}, its (squared) centered Lo-

discrepancy is defined as

I =T 1 1 1
CD(D) T2 ZZH <1 + B} |zir| + B |2jk| — 2 |zik — ij|)
i=1 j=1 k=1
2 o 14 1 1, 13\™
- — L+ 2 |zie| — 5 |2 -
nzn( bzl = 5l ) ; (12)
=1 k=1
where z; = (224 — s+ 1) /(2s). Then the uniform projection criterion is to minimize
2
D)= —— CD (D,), 9
D) = oy 3 P (D )
where u is a subset of {1,2,...,m}, |u| denotes the cardinality of u and D, is the projected

design of D onto dimensions indexed by the elements of u. The ¢(D) value is the average

centered Lo-discrepancy values of all two-dimensional projections of D.
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The uniform projection criterion defined in (g) requires O(n?m?) operations. Sun, Wang,
and Xu (2019) derived an alternative formula for computing the ¢(D) value which requires
only O(n?*m) operations. They showed that ¢(D) is a function of the pairwise L;-distances
between design points for balanced designs (i.e., each level appears equally often in any
factor). Specifically, for a balanced design D = {x,...,x,} with n runs, m factors, and s

levels, they showed
9(D)

dm(m — 1)n2s?

»(D) = +C(m,s), (10)

where )
n n 2 n n
oD) =Y dana) = 23 (S i) ()
i=1 j=1 i=1 N j=1
di(x;, ;) =Y o, |z — zji| is the Li-distance between @; and x;, and

4(5m —2)s* +30(3m — 5)s* + 15m +33 1+ (—1)*
720(m — 1)s* 645

C(m,s) =

We compute the ¢(D) value based on () and (@) for its computational efficiency. Because
the ¢(D) values are typically small, to ease the presentation, we report the 1000 x ¢(D)
values throughout the paper.

We implement the DE algorithm and the uniform projection criterion in the package

UniPro. The following code generates an n x m UPD with s levels
> UniPro(n, m, s, NP, itermax, pMut, pCR, pGBest, seed)

where N P, itermax, pMut, pCR and pG Best are DE hyperparameters described in Section
2, and seed is an optional seed for random number generators that ensures reproducibility.

As the task of design generation is quite complex, we consider 3 design sizes. A UPD of
size 30 x 3 is considered as a small and easy task, 50 x 5 as a medium task and 70 X 7 as a
large and difficult task. We only consider the construction of designs with s = n so that the
resulting UPD is an LHD.

5.2 Training and testing data

Designs discussed in Section E are used to determine the parameter settings for the DE
algorithm hyperparameters. Specifically, we construct five designs: a CCD with 43 runs
(ccd3_43), an OACD with 50 runs (oacd3_50), a 50-run random LHD (1hd_50), a 50-run
maximin LHD (maximin_50), and a 50-run maxpro LHD (maxpro_50). The CCD consists of
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a 25 full factorial, 10 axial points and 1 center point. The OACD consists of a 2° full factorial
and an OA(18,3%,2). The maximin and maxpro LHDs are generated using R packages
SLHD and MaxPro, respectively. All designs consider five factors, each corresponding to
one hyperparameter. Each run represents a unique combination of the hyperparameter
values. The CCD and OACD have 3 levels while the rest have 50 levels. For the CCD, we
choose o = 1 so that it has 3 levels because we have a cuboidal experimental region. The
levels are linearly interpolated within the minimum and maximum factor values for each
hyperparameter. To avoid the influence of extreme cases in model fitting and prediction,
we restrict pCR, pMut and pGBest to [0.05,0.95]. We use the full range [0, 1] for each
hyperparameter in a later optimization stage.

Given the target design size (n x m) and a setting of the five hyperparameters, we run
the UniPro function to generate an n x m UPD and the resulting ¢(D) value defined in (B)
To account for the stochastic nature of the DE algorithm, for each setting, the algorithm
is replicated ten times, producing ten ¢(D) values. These ¢(D) values are then averaged
to obtain the observed response value for the setting, and the standard deviation is also
computed to quantify variability. Thus we obtain five training datasets for each target size.

The same procedure is taken to generate the testing datasets with the exception that
the designs used for the hyperparameter setting combinations being a 3 full factorial de-
sign (full_243), a random LHD with 243 runs (1hd_243), a combination of these two
(full_243+1hd_243), and a 4° full factorial design (full_1024). Testing with these datasets
is deemed sufficient because the random LHD exhibits maximum space-filling properties in
each dimension, while the 3° and 4° factorial designs ensure uniform coverage of the entire
5-dimensional input space.

Density plots of the response for the testing and training data are presented in Figure El
for the target size 50 x 5. All of the distributions are skewed to the right. For a 50 x 5 UPD
all the training designs lead to similar minimum ¢(.) values, around 0.17, whereas different
types of designs lead to different maximum ¢(.) values. Indeed, all space-filling designs have
maximum ¢(.) values around 0.28, while the factorial designs and the combined design have
a maximum ¢(.) values around 0.34. The narrower range of the ¢(.) values suggests that the

space-filling designs do not explore the entire space of hyperparameters.

5.3 Model evaluation

For each training dataset, we fit the three models described in Section @ and test on the four

testing datasets. Designs are evaluated by considering their ability to collect informative
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data for building a statistical model that specifies the relationship between the response and
the hyperparameters, which is measured by the test root mean squared error (RMSE). For
a testing dataset with N runs, the RMSE is calculated as

N 1/2
RMSE = {% > (wi— W} ,
i=1
where y; and ¢; are the ith observed and predicted response, respectively. We use four testing
datasets with N varying from 243 to 1024 as described in Section @ Since each y; is an
average of ten ¢(D) values obtained by running the DE algorithm ten times, the RMSE value
could be viewed as an average of ten replications. We use RMSE as the evaluation metric
because it directly measures the deviation between the predicted and observed response
values. Although the objective function value ¢(D) is central to the optimization process,
it is not appropriate for evaluating predictive accuracy. In this setting, the goal here is
not optimization but prediction — specifically, how well the model can generalize to unseen
hyperparameter configurations. RMSE provides a natural and interpretable measure of this
predictive accuracy. The correlation between the observed and predicted responses is also

reported. A small RMSE value indicates a good fit while a large correlation is preferable.

6 Results and Analysis

Table m and Figure B compare designs and model evaluations based on correlation and
RMSEs for a target size of 30 x 3. We begin by analyzing the results for testing the two
243-run datasets, as shown in Table El(a)(b) and Figure (a) (b). One striking observation
is that the performance of the training data set depends on the nature of the testing data
set. The composite designs, CCD and OACD, seem to be better when tested on the 3°
full factorial design (FFD) while the space-filling designs (random LHD, maximin LHD, and
maxpro LHD) do better when tested on the 243-run random LHD. Figure E(a) (b) appears
to suggest that when the design structure of the training samples is similar to that of the
testing samples, the predicted RMSE is better. As this does not give a general idea as to
which designs might perform better in general, we invoke the 486-run combined design (3°
FFD + 243-run LHD) and the 4° FFD as the testing dataset.

When tested on the 486-run combined design, the OACD performs slightly better than
the space-filling designs although the difference appears to be small; see Table EI(C) and
Figure E(c) When tested on the 4° FFD, the OACD performs better than the space-filling
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Table 1: Comparison of designs and model evaluations with target size 30 x 3

(a) Testing on the 3° FFD

(b) Testing on the 243 LHD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0.8810.88| 0.88|1.51|1.59 1.62(0.65]0.03| 0.60[1.62]3.75| 1.51
oacd3_ 50 0.8810.94| 0.93]1.62]1.25 1.3210.68]0.63| 0.61]1.94|2.30| 2.22
lhd_ 50 0.4110.36| 0.34|3.19|3.30 3.2710.280.20f 0.19|1.08|1.14| 1.14
maximin_ 50 [0.71]0.73| 0.74|2.86 | 3.19 3.0310.64|0.63| 0.64]0.66|0.66| 0.65
maxpro_ 50 [0.71]0.62| 0.66 |2.35|2.97 2.7210.69/0.71| 0.7410.7410.69| 0.61

(c) Testing on the 3° FFD+243 LHD

(d) Testing on the 4° FFD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0.8410.60| 0.83]1.57|2.88 1.5710.84]10.66| 0.85]1.55(2.83| 1.50
oacd3_ 50 0.8210.83| 0.83]1.79|1.85 1.8310.85]0.87| 0.87]1.68|1.68| 1.68
lhd 50 0.4210.35| 0.36]2.38|2.47 245(10.4510.39| 037247257 2.56
maximin_50[0.69]0.63| 0.68|2.08|2.31 2.19|0.7410.75| 0.76|2.16 | 2.38 | 2.27
maxpro_ 50 [0.74]0.60| 0.68|1.75]2.15 1.9810.74]10.67| 0.71]1.80(2.22| 2.03
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designs as it has a more similar structure to the 4> FFD; see Table El(d) and Figure E(d) The
CCD does not perform well with the kriging model. The 50-run random LHD performed
the worst in terms of correlation regardless of the testing data. The correlation is strikingly
low whereas the RMSE is high. This might be due to randomness, but it does show the
weakness of the random LHD.

One bizarre observation from Table El(b) is the correlation of 0.03 when using the CCD
as the training design and testing it on the 243-run random LHD. This value is strikingly
lower than any other values given in Table m No apparent reason could be deduced as to
why this is so. Multiple replications indicated that this is not an error. From all the results,
we can deduce the robustness of OACD over CCD. This gives a reason to use OACD for the
hyperparameter initialization.

With regards to the models, there seems to be no striking observation to be made as
to whether one fitting method performs better than the other two, with exception for one
30 x 3 case when the kriging model fitting to the CCD training data had a much higher
RMSE value than the other cases.

The three models have quite different assumptions. The linear model assumes a poly-
nomial trend and independent random errors with homoskedastic variance. The kriging
model assumes a stationary covariance structure, that is, the covariance between two points
in the DE hyperparameter surface structure depends only on the distance or spatial lag
between those points, and not on their specific locations within the domain. The HetGP
model assumes a heteroskedastic variance-covariance structure. For the DE algorithm, the
homoskedastic and stationary assumptions are questionable. Due to this, the HetGP model
is preferred to the linear model and the kriging model. However, the linear model is easy to
interpret and fits as well as the HetGP model, and from the results, there is no striking dif-
ference between the two. Therefore, we use the linear model to determine factor importance
and optimal hyperparameter settings.

Tables B—H and Figures H—E in the Appendix show results when the target design sizes are
50 x 5 and 70 x 7, respectively. Looking at the results, apart from the random LHD with 50
runs, previously stated observations are upheld.

A natural question is why composite designs perform better than the space-filling designs.
We perceive that the hyperparameters at the boundaries lead to some extreme cases in this
experiment and the composite designs do capture this phenomena while the space-filling
designs do not. Figure B presents the histograms of the distances from design points to the

design center for all the designs, where each column is rescaled to [—1,1] and the Euclidean
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Figure 3: Histogram of the distances from design points to the design center

distance from each point to the center of the design is calculated. This gives an insight
as to why the composite designs, OACD and CCD, tend to perform better than the space-
filling designs. This is because the composite designs tend to capture information lying at the
boundaries compared to the space-filling designs which tend to capture the information lying
at the center of the design. This is confirmed by the notion that three of the hyperparameters

tend to be optimized around their highest level as discussed in the next section.

7 Factor Importance and Optimal Settings

The results obtained call for a deeper look into the model and how each factor is involved in

the surface approximation. This enables us to have a better picture of the surface generated
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by the DE hyperparameters.

Table E shows the estimated coefficients of the second-order models based on the four
different training datasets: CCD, OACD, maximin LHD, and maxpro LHD, for the target
size 30 x 3. Looking at the various models above, the model obtained using the maxpro LHD
as the training data is the worst performing model. It has the lowest adjusted R? of only
0.54. This model does not capture important main effects. For example, it indicates that
the number of iterations (itermax) for optimization is not significant. Yet this is well known
to be important. On the other hand, the model obtained by using OACD as the training
dataset performs the best. It has an adjusted R? of 0.87 and captures important main effects
and interactions. In addition, CCD might be a little worse than OACD because of the fewer
number of points (43) used for training compared to the other models which used 50 points.
The model from the CCD does not identify any of the quadratic effects to be significant while
the other models do. The maxpro LHD has a relatively small adjusted R? value because it
prioritizes space-filling whereas the CCD and OACD emphasize the parameter estimations.

Looking at the corresponding p-values from the models obtained, it is evident that all five
hyperparameters are important. The main effects of three hyperparameters (N P, itermax
and pG Best) are very significant, whereas the several interactions involving one of the other
two hyperparameters (pMut and pC'R) are also very significant. The probability of using
the global best (pG Best) is quite important because its main effect is highly significant in
all the models in Table E It can also be inferred that the maximum number of iterations
(itermax) and the population size (N P) are important. The linear models indicate that to
minimize the objective function, it is ideal to use a larger pG Best, increase the population
size (NP) and increase the number of iterations (itermaz). The population size and the
number of iterations could be constrained by the available budget.

With regards to interactions, all significant interaction terms involve either pMut or
pGBest. The interaction of pMut and pGBest is negative. On the other hand, the inter-
action between pMut and pC'R is positive. As this is a minimization problem, this positive
interaction indicates that one of the variables should be set at low while the other high. We
use contour plots to visualize the two parameters when the other three are held at their
highest level.

Figure @ shows the contour plots of pMut and pC'R based on the CCD and OACD
training data set while fixing NP = 100, itermax = 1500 and pGBest=0.95. From the
contour plot for target size 30 x 3, we note that the response value could be minimized by

taking values along the off diagonal, either a smaller pMwut and larger pC'R or a larger pMut
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Table 2: Comparison of second-order models from four training datasets

CCD OACD maximin  maxpro
(Intercept) 0.3815™*  0.3876™*  0.3878***  0.3814***
NP —0.0134** —0.0143"* —0.0042*** —0.0055*
pMut 0.0020 0.0028 0.0043*** 0.0045*
pGBest —0.0204**  —0.0224™* —0.0047"* —0.0082***
pCR —0.0022  —0.0030 0.0004 0.0007
itermax —0.0146** —0.0152** —0.0046™**  —0.0021
NP? 0.0119 0.0080 0.0022 —0.0004
pMut? 0.0150 0.0174* 0.0083*** 0.0104*
pGBest? 0.0083 0.0192* 0.0035 0.0159***
pCR? 0.0071 0.0074 —0.0008 0.0049
itermax? 0.0090 —0.0081 0.0011 0.0057
NP:pMut 0.0058 0.0064* —0.0002  —0.0037
NP:pGBest —0.0041 —0.0038 0.0017 0.0006
NP:pCR 0.0002 —0.0007  —0.0006  —0.0002
NP:itermax 0.0049 0.0033 0.0023 0.0052
pMut:pGBest —0.0080* —0.0093** —0.0089*** —0.0139**
pMut:pCR 0.0203*  0.0197*  0.0042** 0.0018
pMut:itermax 0.0032 0.0025  —0.0061***  0.0004
pGBest:pCR 0.0034 0.0036 0.0000 0.0051
pGBest:itermax  0.0057 0.0068™*  0.0076*** 0.0058
pCR:itermax 0.0037 0.0021 0.0018 0.0040
R? 0.9034 0.9235 0.8970 0.7297
Adj. R? 0.8157 0.8708 0.8260 0.5433
Num. obs. 43 50 50 50

“*rp < 0.001; **p < 0.01; *p < 0.05
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Table 3: Optimal hyperparameter settings and DE performace via grid search

NP | itermax | pMut | pCR | pGBest | Average ¢(-) | SD ¢(-)
30 x 3100 1167 0.95] 0.05 0.65 0.3863 | 0.0040
50 x 51100 1500 0.35| 0.95 0.95 0.1688 | 0.0016
70 x 7100 1500 0.35] 0.35 0.95 0.1063 | 0.0009

Table 4: Optimal hyperparameter settings and DE performace via random search

NP | itermax | pMut | pCR | pGBest | Average ¢(-) | SD ¢(+)
30 x 3] 95 917| 0.63] 0.19 0.72 0.3878| 0.0046
20 x 5| 98 1485 | 0.40| 0.38 0.88 0.1688 | 0.0014
T0x 7| 84 1408 | 0.11] 0.92 0.86 0.1064 | 0.0009

and a smaller pCR. This is also the case for target sizes 50 x 5 and 70 x 7. It appears that
different target sizes require different optimal settings for pMut and pC'R. Here, we take
a simple approach to searching the optimal setting by varying pMut from {0,0.1,...,1.0}
while fixing pCR = 1 — pMut and pGBest = 1.
pMut and pCR that gives the best objective value with a limited budget of 100 iterations

for each combination. Then we use the best combination and run the DE algorithm with

We look for the best combination of

itermax = 1500 iterations to obtain the final objective value. We refer to this approach as
DEoptim.

We compare the DEoptim approach with the two DE variants, DE1 and DE4, described
by Stokes, Wong, and Xu (2024) and the grid and random searches. DE1 uses only the global
best solution (pGBest = 1) while DE4 is a hybrid approach with pGBest = 0.5. Both DE1
and DE4 utilize fixed values of pMut = 0.1, pCR = 0.5, NP = 100 and itermaz = 1500.
On the other hand, for grid search, the best settings are chosen based on the 4° FFD while
for the random search, a 1024-run random LHD is used instead. Tables B and @ show the
optimal hyperparameter settings and the corresponding performances from the grid search
and the random search, respectively.

Figure H presents the performance of the DE algorithm under various hyperparameter
settings, where the DE algorithm was executed 100 times to construct 100 UPDs for each
setting and the vertical axis is the ¢(D) values of the UPDs constructed. The results demon-

strate that DEoptim produces significantly better UPDs, especially for the large target size
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70 x 7, compared to the two variants, DE1 and DE4, and grid and random strategies, con-

firming the effectiveness of hyperparameter tuning.
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Figure 5: Performance of the DE algorithm under various setttings: DE1, DE4, DEoptim,
Grid, Random

To assess the effectiveness of DE in the UPD construction, we compare it against Simu-
lated Annealing (SA), a classical optimization method commonly used for design construc-
tion. Unlike DE, which adapts its search through population-based mutation and crossover,
SA relies on a fixed cooling schedule and probabilistic acceptance of worse solutions to escape
local optima. We adopt the SA algorithm in R package NMOF with a neighbor function that
swaps two elements in a randomly selected column. For a fair comparison, we set both the
number of iterations and the number of temperatures as 1500 and repeat the SA algorithm
100 times to get the best design. With these settings, the SA and DE algorithms have the
same complexity. The comparison results indicate that DE finds better designs with better
objective values compared to SA. As shown in Figure B, DE consistently outperforms SA
across all three target sizes 30 x 3, 50 x 5, and 70 x 7 with significantly lower ¢(D) values
across 100 replicated runs. The performance gap becomes especially pronounced as the di-
mensionality increases, where SA tends to suffer from premature convergence and limited
search efficiency. These results demonstrate that DE offers more reliable convergence and
superior design quality compared to SA, particularly in high-dimensional and complex search
spaces. We perceive that the population-based nature of DE enables it to efficiently explore
the search space while avoiding stagnation in local minima, making it a more reliable and
computationally efficient method.

The DE algorithm can be tuned to construct other types of space-filling designs following
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the same strategy. In Appendix B, we compare DE and SA for constructing maximin LHDs

and reach the same conclusion that DE is superior to SA.
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Figure 6: Comparison of the DE and SA algorithms for constructing UPDs

8 Conclusions

This paper compared small designs in exploring the response surface of the DE algorithm
hyperparameters. Five numerical hyperparameters were considered: population size, the
number of maximum iterations, probability of mutation, probability of crossover, and prob-
ability of using the global best design for mutation. Various composite designs and space-
filling designs for selecting combinations of these hyperparameters were also examined. The
performance of a design was evaluated via building a second-order model, a kriging model,
and a heterogeneous GP model. The performance was measured in terms of testing RMSEs
and correlation, and the comparison was made based on data simulated using the uniform
projection criterion. Under the settings considered, the results demonstrate that the OACD
is superior to space-filling designs for exploring the response surface of the DE algorithm
hyperparameters. Furthermore, the second-order model proves to be a simple yet effective
alternative to more complex models like kriging and heterogeneous GP in this context. The
importance of tuning the DE algorithm is highlighted, and a simple strategy was proposed
for determining optimal hyperparameter settings for constructing UPDs with different target
sizes.

Regarding the optimal settings of the five hyperparameters, we recommend set the pop-

ulation size and the maximum number of iterations at high levels. A population size of
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Table 5: Recommended pMut setting

n\m|{3 5 7 10 15 20

15/1.0 1.0 1.0 0.4 0.1 0.1
20(1.0 1.0 0.6 0.1 0.1 0.1
3011.0 04 0.2 0.1 0.1 0.1
50109 0.3 0.2 0.1 0.1 0.1
7010.7 0.3 0.2 0.1 0.1 0.1
100104 0.2 0.2 0.1 0.1 0.1

100 is typically large enough based on our experience whereas the maximum number of
iterations can be set to 1500 or higher for larger designs, depending on the budget. The
choice of pGBest = 1 is recommended so that the global best is always chosen as the donor.
The choices of pMut and pC'R need more attention as they interact with each other. The
contour plots in Figure H shows that the best ¢(D) values tend to concentrate along the
diagonal in the graph of pMut versus pC'R. This diagonal corresponds to the region where
pMut + pC'R = 1, indicating a balanced trade-off between mutation and crossover.

To determine the optimal settings for pMut and pC'R, we performed a grid search of
pMut from {0,0.1,..., 1} under the constraint pMut 4+ pCR = 1, and ran the DE algorithm
100 times for each setting while fixing NP = 100, itermax = 1500 and pG Best = 1. Table
B shows the recommended pMut setting for a wide range of combinations of n and m.

The results show that when both the number of design points (n) and factors (m) are
small, high mutation rates (pMut = 1) tend to yield the best solutions. In these lower-
dimensional settings, aggressive mutation with minimal crossover appears effective, likely
because the design space is less complex and the risk of disrupting valuable structure is
minimal. The DE algorithm benefits from broad exploration, and excessive refinement is
unnecessary. This is especially evident for m = 3 or 5 and n = 15 to 30, where the proportion
of best results associated with pMut = 1 is consistently high.

However, as the dimensionality increases, particularly for m > 10 or n > 50, the advan-
tage of using a high mutation rate quickly diminishes. In these settings, the best outcomes
are rarely associated with pMut = 1 and instead favor lower values such as pMut = 0.1,
indicating the growing importance of crossover in maintaining useful structure. High mu-

tation introduces too much randomness, making it difficult for the algorithm to preserve
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and build upon promising designs. These patterns support the recommendation that high
mutation is suitable for small problems, but for more complex designs, a lower mutation
rate combined with strong crossover (pCR = 1 — pMut) provides a more effective balance
between exploration and exploitation. While we restricted pMut + pCR = 1, it may have
some benefits by relaxing the constraint to 0.9 < pMut + pC'R < 1.1; however, the benefits
are often small compared to the extra computational costs. It is aslo important to avoid
pMut = 0, which prevents mutation and leads to degenerate behavior.

To summarize, we recommend the following settings for pMut and pCR:

 For simple or low-dimensional problems (m < 10), use Table H to guide the choice of
pMut and set pCR =1 — pMut.

 For high-dimensional problems (10 < m < 20), use a small mutation rate pMut = 0.1

and large crossover rate pCR = 0.9.

 For very high-dimensional problems (m > 20), use pMut = 1/m and pCR = 1, which

ensures StI‘OIlg crossover and one swap mutation on average.

Finally, we compared our tuned DE algorithm with the SA algorithm for constructing
designs. The results confirm that DE is the preferred optimization method for generating
UPDs. The DE framework provides a robust approach for constructing high-quality designs,
making it a valuable tool for experimental design and response surface modeling. To facilitate
accessibility and further research, an R package, UniPro, has been developed and is publicly
available at |https:/ /github.com /oonyambu/ UniPrd.
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Appendix

Appendix A: Additional tables and figures for target sizes 50 x 5
and 70 x 7
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Figure 7: Comparison of RMSE with target size 50 x 5
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Table 6: Comparison of designs and model evaluations with target size 50 x 5

(a) Testing on the 3° FFD

(b) Testing on the 243 LHD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0.9410.96| 0.93]1.32|1.17 1.4910.83]0.82| 0.80]1.42|1.81| 1.88
oacd3_ 50 0941096 0.96]1.42|1.11 1.0910.83]0.84| 0.86]1.59(1.98| 1.66
lhd_ 50 0.83/0.85| 0.83]2.35|2.19 2.2610.8910.92| 0.93]1.18/0.97| 0.92
maximin_ 50 [0.87]0.84| 0.81|2.03(2.73 2.5810.9210.92| 0.93/0.90/0.89| 0.85
maxpro_ 50 [0.85]0.81| 0.82|2.21(2.79 2.6210.9010.92| 0.92]1.06/0.94| 0.93

(c) Testing on th

e 3° FFD+243 LHD

(d) Testing on the 4° FFD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0.9210.92| 0.89|1.37|1.53 1.7010.9310.93| 0.92]1.32|{1.40| 1.50
oacd3_ 50 0.9110.92| 0.93]1.51|1.61 14110921094 094|1.45|{1.44| 1.30
lhd 50 0.86/0.88| 0.88]1.86|1.69 1.7310.87]0.87| 0.87|1.87|1.77| 1.82
maximin_50[0.900.85| 0.85|1.57(2.03 1.9210.90|0.87| 0.86]1.61{2.08| 1.98
maxpro_ 50 [0.88]0.83| 0.85|1.73(2.08 1.9710.8810.85| 0.86|1.75(2.11| 1.99
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Figure 8: Comparison of RMSE with target size 70 x 7
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Table 7: Comparison of designs and model evaluations with target size 70 x 7

(a) Testing on the 3° FFD

(b) Testing on the 243 LHD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0.9310.96| 0.94]1.25|1.01 1.1810.81]0.84| 0.83]1.46|1.82| 1.84
oacd3_ 50 0941097 0.97]1.22|0.91 0.86/0.83|0.88| 0.92]1.39|1.54| 1.18
lhd_ 50 0.8310.84| 0.82]2.15|2.28 2.1810.9410.95| 0.95]0.75/0.69| 0.72
maximin_ 50 [0.870.87| 0.81|1.77(2.09 2.1410.9410.94| 0.93]/0.82/0.80| 0.86
maxpro_ 50 [0.88]0.88| 0.87|1.802.01 1.8910.94]10.95| 0.95]0.80{0.71| 0.70

(c) Testing on th

e 3° FFD+243 LHD

(d) Testing on the 4° FFD

correlation RMSE correlation RMSE
Design Im | km |hetGP| lm| km hetGP | Im| km|hetGP| Im| km |hetGP
ced3_43 0901091 0.90|1.36|1.47 1.5410.921094| 093]1.281.26| 1.33
oacd3_ 50 0.9110.93| 0.95]1.30|1.27 1.0310.921094| 0.95]1.29|1.21| 1.06
lhd 50 0.8710.87| 0.87]1.61|1.69 1.6210.86|0.87| 0.86|1.81|{1.85| 1.79
maximin_ 50 [0.90 | 0.88| 0.86|1.38|1.58 1.6310.89]10.89| 0.86]1.49|1.67| 1.75
maxpro_50 [0.90]0.89| 0.90(1.39|1.51 14310901090 0.90[1.49]1.58| 1.51
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Appendix B: Comparsion of DE and SA for constructing maximin
LHDs

The DE algorithm can be tuned to construct other types of space-filling designs following the
same strategy. For illustration, by using the ¢,(D) criterion E as the objective function, we
tune the DE algorithm to construct maximin LHDs and compare it with the SA algorithm
implemented in the R package SLHD. The maximinSLHD function employs the SA algorithm
outlined in Morris and Mitchell () and constructs optimal sliced maximin LHDs (Ba,
Myers, and Brenneman ) To have fair comparisons, we use 15 random starts for the
maximinSLHD function and set the slicing parameter t = 1. This gives better results than
using just 1 random start and the timing is almost similar to that used with the DE approach.
For each target size, we run both the DE and SA algorithms 100 times to get 100 maximin
LHDs. Figure g compares the DE and SA algorithms for constructing maximin LHDs with
target sizes 30 x 30, 50 x 5, and 70 x 7. The results clearly demonstrate that our tuned DE
algorithm is superior to the SA algorithm.

0.0320

0.0315

@%(D)
@(D)
@%(D)
0.0167 0.0168 0.0169 0.0170 0.0171

0083 0084 0085 0086 0087 0088

0.0310
oo

0.0305

DE SA 3 SA DE SA

(a) 30 x 3 as target (b) 50 x 5 as target (c) 70 x 7 as target

Figure 9: Comparison of the DE and SA algorithms for constructing maximin LHDs under
the ¢, criterion (E)

39



	Introduction
	Differential Evolution Algorithm
	Experimental Designs for Hyperparameter Settings
	Factorial designs
	Space-filling designs

	Surrogate Models
	Linear Model (lm)
	Kriging Model (km)
	Heteroskedastic Gaussian Process (HetGP)

	The Data Generation Process
	Objective Function: Uniform Projection Criterion
	Training and testing data
	Model evaluation

	Results and Analysis
	Factor Importance and Optimal Settings
	Conclusions

